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Abstract
In [Topology Appl., forthcoming paper], we have proved that for a 2-antilocal H-space there exists
a strictly commutative simplicial pseudogroup structure on its minimal simplicial model. Here, we
show that for a p-antilocal H-space there exists a p-variable simplicial pseudogroup structure on its
minimal simplicial model which has strictly cyclic symmetry.
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1. Introduction
Let X be a connected H-space, i.e., a connected topological space with a map µ :X ×
X→ X and a two-sided homotopy unit ∗→X. Now, there is a correspondence between
topological spaces up to weak homotopy equivalence and minimal simplicial Kan sets
up to isomorphism. In [4], we have proved that the H-space structure gives a simplicial
pseudogroup structure on the minimal simplicial model M• of X which we also denote
by µ. Here, a pseudogroup is a group without associativity, i.e., there is a binary operation
µ(x, y)=: xy with two-sided unit such that the equation xy = z has a unique solution for
any choice of two variables. We remark that we have changed our terminology in [4]. In
algebra [1,2] (and [4]), this structure is called an algebraic loop, whereas a quasigroup does
not necessarily has a unit. In this paper, we prefer to use the notion pseudogroup instead of
loop in order to avoid confusion with a topological loop space (which is an H-space that
satisfies an additional A∞ condition).
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It is a natural question to look for obstructions to the existence of pseudogroup structures
on M• satisfying some additional symmetry, for example commutativity. By geometric
realization, this implies existence of an H-space with this symmetry which is weakly
homotopy equivalent to X. With regard to commutativity, we assume that X is 2-antilocal,
i.e., multiplication by 2 is an isomorphism in all homotopy groups. Thus the squaring map
(−)2 :X→X is a homotopy equivalence and the corresponding map on M• is a simplicial
isomorphism by the minimality of M•. We denote the inverse by
√− :M• →M•. Then
we can form a new simplicial pseudogroup structure on M• by
µ′(x, y) :=√(xy)(yx)
where we denoted the original pseudogroup structure by µ(x, y)= xy . In [4] we proved
that if µ is commutative on the nth Postnikov section PnM• of M•, then µ′ is commutative
on the (n + 1)th Postnikov section Pn+1M• and coincides with µ on PnM•. Thus the
iteration
µ,µ′,µ′′, . . .
of this construction converges to a well-defined and (strictly) commutative simplicial
pseudogroup structure µ∞ on M•. This can be considered as a refinement of a theorem
of Irye and Kono [3] concerning homotopy commutativity of localized H-spaces at odd
primes.
Now, it is natural to ask for a corresponding result for p-antilocal H-spaces. I would
like to thank Jim Stasheff for pointing out this problem to me. In this paper, we will prove
that this is connected with pseudogroup structures in p variables and cyclic symmetry.
2. Pseudogroup structures in p variables and cyclic symmetry
Now we define what we mean by pseudogroup structures in p variables, where p is any
positive integer (not necessarily prime). See also [2, p. 4] for the corresponding notion of
p-ary quasigroup, i.e., without assuming existence of a unit.
Definition 1. Let M be a set and ν be a map in p variables,
ν :M ×M × · · · ×M→M.
An element e ∈M is a unit of ν if ν ◦ ik is the identity on M for k = 1,2, . . . , p, where the
canonical inclusion
ik :M→M ×M × · · · ×M
sends x to the kth variable and sets all other variables equal to e.
We must be careful, because for p > 2 this does not imply that two units are equal. As
an example, let M := R and let δ(x, y, z) be the real function which is 1 if two or more
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variables vanish and 0 otherwise. In other words, δ is the characteristic function of the
union U of coordinate axes. Then
ν(x, y, z) := (x + y + z)δ(x, y, z)+ (x + y + z− 2)δ(x − 1, y − 1, z− 1)
has the numbers 0 and 1 as units. Using an appropriate smooth approximation for δ it is
also possible to give a smooth example for ν. The point is that the union U of coordinate
axes and its translate (1,1, . . . ,1)+U are disjoint if and only if the number p of variables
is larger than two.
Definition 2. Let M be a set with a distinguished element e ∈M . A p-ary pseudogroup
structure ν on M is a map
ν :M ×M × · · · ×M→M
such that e is unit and the equation
ν(x1, x2, . . . , xp)= y
always has a unique solution if all variables are fixed with the exception of one. We denote
the set of p-ary pseudogroup structures on M (with unit e) by Lp .
This definition also makes sense in the topological category (or in the category of
simplicial sets) if we demand the structure map and also the maps giving the unique
solution to be continuous (simplicial, respectively).
Now, composition defines a map
Lk ×Lp1 × · · · ×Lpk →Lp1+···+pk ,
(ν, ν1, . . . , νk) → ν ◦ (ν1 × · · · × νk),
which clearly makes the collectionLp into a suboperadL(M) of the endomorphism operad
End(M) [6]. We call L(M) the pseudogroup operad of M . Furthermore, setting the ith
variable equal to e defines degeneracy maps
si :L
p → Lp−1.
In particular, a 2-ary (i.e., usual) pseudogroup structure µ(x, y) = xy gives a p-ary
pseudogroup structure by
ν(x1, . . . , xp) :=
(· · · ((x1x2)x3) · · ·xp−1)xp
and degeneration of ν to a 2-ary pseudogroup structure always gives µ again. But, in
general, degeneration of a genuine p-ary pseudogroup structure ν means some loss of
information and it is not possible to recover ν again.
Definition 3. A p-ary pseudogroup structure ν has cyclic symmetry if
ν(x1, x2, . . . , xp)= ν(x2, x3, . . . , xp, x1)
holds true.
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For p = 2, this is just commutativity of the pseudogroup structure.
Now we show that for a connected minimal simplicial set, existence of a unit is
enough to show that multiplication is a p-ary pseudogroup structure. We remark that by
connectedness and minimality, the unit is the uniquely defined base point e•.
Lemma 1. Let M• be a connected minimal simplicial set and let ν : (M•)p →M• be a
simplicial map such that the base point e• acts as a unit. Then ν is a p-ary simplicial
pseudogroup structure.
Proof. Consider the shearing map associated to ν
s : (M•)p → (M•)p,
s(x1, x2, . . . , xp) :=
(
ν(x1, x2, . . . , xp), x2, . . . , xp
)
.
On homotopy groups, it induces the map
s∗(α1, α2, . . . , αp)= (α1 + α2 + · · · + αp,α2, . . . , αp)
and hence is a homotopy equivalence. As (M•)p is minimal, it is a simplicial automor-
phism. The first component of the inverse map s−1 gives the unique solution x1 of the
equation ν(x1, x2, . . . , xp) = y in the case that all variables are fixed with the exception
of x1. A similar argument applies to the other variables xi . ✷
Corollary 1. Let M• be a connected minimal simplicial set and let O→ End(M•) be some
simplicial operad with a strict unit which acts on M•. Then the action factors through the
pseudogroup operad L(M•).
In [2], a p-ary quasigroup is defined as a set M with a p-ary multiplication ν :Mp →M
such that unique solutions of ν(x1, . . . , xp)= y do exist, but not necessarily a unit. Clearly,
if α1, . . . , αp and β are bijections M → M , then β ◦ ν ◦ (α1 × · · · × αp) again is a
p-ary quasigroup. This is a generalization of the notion of isotopy for quasigroups [1,
p. 56] to the p-ary case. If β = id, the transformation is called a principal isotopy. As
for p = 2, every p-ary quasigroup structure is isotopic to a p-ary pseudogroup structure
where we can choose the unit to be any element of M: Choose an element e and let
β :M → M be any bijection that sends ν(e, e, . . . , e) to e. For ν′ := β ◦ ν, the map
x → ν′(e, . . . , e, x, e, . . . , e) (ith place) is a bijection M →M . We denote the inverse by
αi and set ν′′ := ν′ ◦ (α1 × · · · × αp), which is a p-ary pseudogroup structure.
For connected minimal simplicial sets, something more is true:
Lemma 2. Let M• be a connected minimal simplicial set and ν a p-ary simplicial
quasigroup structure onM•. Then ν is principal isotopic to a p-ary simplicial pseudogroup
structure.
Proof. Let e• denote the unique base point, then ν(e, e, . . . , e) = e as there is no other
0-simplex of M•. Thus we can choose β = id in the argument above. ✷
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3. Existence of cyclic structures for p-antilocal H-spaces
We call a connected topological space with abelian fundamental group p-antilocal (p a
positive integer) if multiplication by p is an isomorphism in all homotopy groups. Now we
prove the following result:
Theorem 1. Let X be a connected p-antilocal H -space. Then its minimal simplicial
modelM• carries some p-ary simplicial pseudogroup structure which has cyclic symmetry.
Proof. We have showed in [4], that the minimal simplicial model M• of X carries a 2-ary
simplicial pseudogroup structure µ. This also gives a p-ary pseudogroup structure ν as in
the last section. The p-power map associated to ν, which is defined by
(−)p :M• →M•,
xp := ν(x, x, . . . , x),
induces multiplication by p on all homotopy groups. As X is p-antilocal, this is a
homotopy equivalence and thus is a simplicial automorphism of M•. We denote the inverse
by
p
√− :M• →M•.
Now we form
ν′ : (M•)p →M•,
ν′(x1, x2, . . . , xp) := p
√
ν
(
ν(x), ν(tx), ν
(
t2x
)
, . . . , ν
(
tp−1x
))
,
where x := (x1, x2, . . . , xp) and t denotes the cyclic permutation
tx := (x2, x3, . . . , xp, x1).
It is straightforward to see that e is a unit for ν′, again, and thus ν′ is a p-ary pseudogroup
map. Clearly, ν′ = ν if ν already has cyclic symmetry.
As in the proof for the case p= 2 [4], we iterate this construction and will show that the
sequence
ν, ν′, ν′′, . . .
converges to a well-defined simplicial p-ary pseudogroup structure ν∞ that has strictly
cyclic symmetry. In fact, we will show by induction on n that νn induces a strictly
symmetric p-ary pseudogroup structure on the (n+ 1)th Postnikov section Pn+1M•. This
yields the above claim as Pn+1Mk =Mk for k  n+ 1, and as νn+1 = νn in dimensions
 n because there νn already has cyclic symmetry.
We need some preparation concerning induced structures on Postnikov sections. As the
Postnikov functor Pn commutes with products, any p-ary pseudogroup structure ν on M•
induces a p-ary pseudogroup structure on PnM• which we denote by the same letter. The
canonical projections
M• → Pn+1M•, P n+1M• → PnM•
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are homomorphisms in the obvious sense. Let
µ(x, y) := ν(x, y, e, . . . , e)
which is a (usual) pseudogroup structure obtained from ν by degeneration. Let Kn+1•
denote the fibre of the projection Pn+1M• → PnM• which is isomorphic to the minimal
Eilenberg–MacLane space
K(πn+1M•, n+ 1)•
and thus carries a uniquely determined abelian group structure. In [4] (Theorem 3.10) we
have proved that the sequence
Kn+1• → Pn+1M• → PnM•
is a central extension of pseudogroups with respect to µ. In particular,
µ(a, x)= µ(x, a) and µ(a,µ(x, y))= µ(µ(a, x), y)
for all a ∈Kn+1• and x, y ∈ Pn+1M• of the same simplicial dimension.
In the following, we need a similar result relating µ and ν:
ν
(
µ(a1, x1),µ(a2, x2), . . . ,µ(ap, xp)
)
= µ(a1 + a2 + · · · + ap, ν(x1, x2, . . . , xp)) (∗)
for all a1, . . . , ap ∈ Kn+1• and for all x1, . . . , xp ∈ Pn+1M•. In order to prove this, we
consider the simplicial map
g :
(
Kn+1•
)p × (Pn+1M•)p → Pn+1M•
which is uniquely defined by
ν
(
µ(a1, x1),µ(a2, x2), . . . ,µ(ap, xp)
)
= µ(g(a1, . . . , ap, x1, . . . , xp), ν(x1, x2, . . . , xp)).
Applying the projection homomorphism
p :Pn+1M• → PnM•
shows that g takes values in Kn+1• . The adjoined map
g# :
(
Pn+1M•
)p →map•((Kn+1• )p,Kn+1• )
takes values in the simplicial function complex map• of Eilenberg–MacLane spaces. In [5,
p. 109], it is proved that for an Eilenberg–MacLane space K• := K(π,n)•, the function
space of self-maps is given by the semi-direct product
Hom(π,π)×K• =map•(K•,K•),
(α, a) → (fα,a :b → α(b)+ a).
By recursive application of the exponential law
map•
((
Kn+1•
)r
,Kn+1•
)=map•(Kn+1• ,map•((Kn+1• )r−1,Kn+1• )),
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we get(
Hom(π,π)
)p ×Kn+1• =map•((Kn+1• )p,Kn+1• ),
(α1, . . . , αp, a) → fα1,...,αp,a
fα1,...,αp,a(b1, . . . , bp) := α1(b1)+ · · · + αp(bp)+ a
with π := πn+1M•. Thus, the map g#(x1, . . . , xp) is described by parameters (α1, . . . ,
αp, a) simplicially depending on xi ∈ Pn+1M•. As in the proof in [4, Theorem 3.10],
connectivity of M• together with specialization of g(a1, . . . , ap, x1, . . . , xp) gives the
claim (∗), i.e., α1 = · · · = αp = id and a = 0 for all (a1, . . . , ap, x1, . . . , xp).
Now, we start the induction in order to prove that νn has cyclic symmetry on Pn+1M•.
For n = 0, ν0 = ν is strictly symmetric on P (1)M• = K(π1,1) as it coincides with
addition by rigidity of minimal Eilenberg–MacLane spaces.
Now we assume that νn−1 has cyclic symmetry on PnM•. In order to simplify notation,
we write ν for νn−1. We choose a set theoretical section
s :PnM• → Pn+1M•
of p :Pn+1M• → PnM• in every simplicial dimension. We remark that it is not possible
to choose s as a simplicial map, in general. Then there is a map r (again, in general not
simplicial) which is uniquely defined on x ∈ Pn+1M• by
µ
(
r(x), sp(x)
)= x.
Applying p shows that pr(x)= e, i.e., r is a map
r :Pn+1M• →Kn+1• .
It is straightforward to see that this gives a bijection
φ :Kn+1• × PnM• → Pn+1M•,
φ(a, x) := µ(a, s(x)), φ−1(y)= (r(y),p(y)),
in every simplicial dimension. Using φ, it is possible to express ν on Kn+1• ×PnM• in the
following way:
ν
(
φ(a1, x1), . . . , φ(ap, xp)
)
= ν(µ(a1, s(x1)), . . . ,µ(ap, s(xp)))
= µ(a1 + · · · + ap, ν(s(x1), . . . , s(xp)))
= µ(a1 + · · · + ap + c(x1, . . . , cp), s(ν(x1, . . . , xp))),
where c : (P nM•)p →Kn+1• measures the defect of s of not being a homomorphisms with
respect to ν:
µ
(
c(x1, . . . , xp), s
(
ν(x1, . . . , xp)
))= ν(s(x1), . . . , s(xp)).
Hence, we have for φ−1 ◦ ν ◦ φ that(
φ−1 ◦ ν ◦ φ)((a1, x1), . . . , (ap, xp))
= (a1 + · · · + ap + c(x1, . . . , xp), ν(x1, . . . , xp)).
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For the p-power map, this yields(
φ−1 ◦ (−)p ◦ φ)(a, x)= (pa + c(x, . . . , x), xp),
which implies for the pth root that
(
φ−1 ◦ p√−◦ φ)(b, y)=
(
1
p
(
b− c( p√y, . . . , p√y)), p√y
)
.
Thus we get(
φ−1 ◦ ν′ ◦ φ)((a1, x1), . . . , (ap, xp))
=
(
a1 + a2 + · · · + ap + 1
p
(
c(x)+ c(tx)+ · · · + c(tp−1x)), ν′(x1, . . . , xp)
)
,
with x := (x1, . . . , xp), t as above. By the inductive assumption, ν′ = ν on PnM•, hence ν′
(i.e., νn) on Pn+1M• has cyclic symmetry. ✷
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